can be replaced by an equivalent problem* with body at zero angle and wing at angle of attack a, plus an apparent twist imposed by the original flow upstream of the leading For arbitrary Mach number M, the coefficient of is -(M2 -1), but there is no loss in generality in taking M = 21/2, since, by a simple similarity transformation [5] (linear), the arbitrary M case results. The initial condition (z is a time-like direction) for the equivalent problem is taken to be <p(r,0,0+) = <p.(r,0,0+) = 0.
(lc)
Actually, <pj,r, 0, 0+) ^ 0, that is, <pz ^ 0 if z = 0 is approached from positive z in the x, z plane, but this condition causes no difficulty here.** Then this radiatioit type problem given by Equations (la), (lb) and (lc) is a natural problem for the methods of the Laplace transformation; f and subsequently it will be evident that these methods lead to an approximate solution of an inherently complicated problem.
*Actually, the equivalent problem consists of two problems, the second consisting of the body alone at angle of attack a; but since the pressure component <pz is the quantity of usual interest, the second problem contributes nothing. **A necessary condition for uniqueness is the condition of outgoing waves. fSeveral British workers have recently applied Laplace transform methods to supersonic flow problems; see, e.g. [6, 7] .
Assuming that the solution is twice differentiable and that the second derivatives have Laplace transforms, the equivalent problem, given by Eqs. 
where
Jo is the Laplace transform of <p with respect to the free-stream direction, z, and s is the transform variable. (A convenient notation is to write \p = £{<p; s} and the inverse Laplace transform <p = z}; then the pressure p = -pW<pz , where p is the freestream density and <p, = z\). For convenience in presentation, since none of the essential features are lost, the sweepback is taken equal to zero. The differential equation (Eq. 2a) is the two-dimensional modified Helmholtz equation with the parameter s(Re s > 0) and the transformed problem is an elliptic boundary-value problem in the r, 6 plane. For strong conditions [8, 9] on \p exterior and on the boundary of the region, i.e., is twice continuously differentiable in (r, 0), the solution is expressible as an integral in terms of ■</< and the outward normal derivative \pn on the boundary by application of the Green's theorems. But and \f/n are related on the boundary C and the solution takes the form «r.»»--s/"(*5F <3a)
where G is the sum of a singular and a regular function in the region. If G is chosen such that dG/dn = 0 on C
where G is called the second Green's function. The Green's function is then characterized by the following conditions:
2) G(r,d;r',6') has the proper singularity at P(r,9) -Q(r',d')] 3 ) ^ = 0 on C. dn A consequence of the first two conditions is that G(r, 6; r', 6') = G(r', 8'-, r, 6) symmetric in (P; Q). Weaker conditions, e.g., the condition that \pn may be discontinuous, but integrable on the boundary, are permissible for Eq. (3b) as in potential theory [10] . The fundamental solution of the modified Helmholtz equation (Eq. 3b), i.e., the solution independent of 6 and singular at the origin, is K0(sr), the modified Bessel func-tion of the second kind of zero order [11] , For a fixed point P(r, 9) with a variable point Q(r', 6'), the fundamental solution may be written immediately as K0(sp) since the differential equation is invariant under translation; p = [r2 + r'2 -2rr' cos (6 -d')]1/2 is the distance between P and Q. This solution may be interpreted as the Green's function for the entire x, y plane, since it satisfies the required properties (Eq. 4).
In determining the Green's function for a region with a given boundary, the function sought will always have the form G(P; Q) = K0(sp) + h(P; Q),
where h(p; Q) is regular in the region. Since K0(sp) is symmetric in (P; Q) then h(P; Q) must also be. The invariance properties of the differential equation will be helpful in determining h(P; Q) and give some intuitive meaning to it. The Helmholtz equation (Eq. 2a) can easily be verified to be invariant under the following transformations:
1) translation, (x, y) = (x + a, y + b), where a and b are constants;
2) reflection on the axes, e.g., on the a;-axis, There appears to be no simple invariant transformation with respect to inversion on the unit circle, as there is for Laplace's equation. Such a transformation would be helpful in obtaining an intuitive notion on constructing the Green's function for the circle [12] , For the transformed wing-body problem given by Eqs. (2) the solution can be confined to the upper half-plane and the complete solution obtained later by using the known symmetry conditions on the solution with respect to the x, z plane. Then the boundary is that given in Fig. 2 . The Green's function for the upper half-plane is
is the distance between P and the reflection of Q on the x-axis. The Green's function for the unit circle is easily obtained by using the addition theorem [11] for K0(sp):
n-1 with r and r' interchanged for r > r', where In and Kn are modified Bessel functions of the first and second kinds, respectively, of the nth order. For r < r' consider h(P; Q) of the form 
With the determination of the Green's function the transformed problem is formally solved. There follows, for each solution of specific problems, the interpretation by the inverse Laplace transformation into the solution of the original physical problem; sometimes this is a formidable task.
Some intuitive meaning may be given to the Green's functions for the transformed problem. For example, the inverse Laplace transform of the fundamental solution K0(sp) represents a supersonic source singularity in the unobstructed physical space. 
This transformed solution is confined to the first quadrant; the solution in the other quadrants are obtained by symmetiy arguments. The solution given by Eq. (9b) is written as two integrals, xpn> and ipi2), respectively, for two reasons: 1) each can be given a physical interpretation, and 2) the difficult core of the solution, i.e., the second integral \pl2), is separated from \p(l), the inverse Laplace transform of which can be obtained simply. By inspection, it is evident that \pll) can be regarded as the transformed solution for the equivalent problem (cf. first paragraph of Sec. 2) where the circular cylinder (a = 0) is replaced by a flat plate (a = 0); thus i^(1) is called the "flat plate" solution. Then the second part of the solution ipf2) can be interpreted as the correction solution needed to satisfy the boundary condition of zero flow through the circular cylinder, i.e., the circular cylinder is a stream tube; thus ipi2) is called the "body" solution. 
The order of integration can be interchanged and the inverse Laplace transformation is performed first:
In addition, since the lower limit of the integral is 1, three regions of integration are
. MACH LINE Region III, (x -z) < -1: Region of influence of the Mach cones from the opposite wing leading edge plus Region I plus Region II.
The "flat plate" solution, <p[l\ on the wing surface (x, z plane) in these three regions is given in terms of elementary functions (cf. JPL report) and is shown graphically in Fig. 4 by dashed curves. For the chordwise pressure distribution (Fig. 4b ) attention is focused primarily on the body (a fairly complete description of the solutions is given in the JPL report).
An additional solution which can be obtained immediately is important in the discussion of the complete solution. The "flat plate" configuration (cf. Sec. 3) is modified now by inserting a semi-infinite plane barrier at x = 1, parallel to the y, z plane downstream from the leading edge-body junction. This modification does not affect the solution <p (1) ) and is given in Fig. 4 by the light solid lines. Note that the first integral is the "flat plate" solution in Region II (cf. JPL report) and the second integral can be interpreted as the correction solution needed to satisfy the boundary conditions of zero flow through the semi-infinite plane barrier (cf. interpretation of "body" solution in Sec. 3). 5. Remarks on the "body" solution <pw. From the comparison of the "flat plate" and "modified flat plate" solutions in the previous section and the discussion on the splitting of the complete solution in Section 3, it is evident that the "body" solution, in terms of the pressure component tp'f, is effective only within the Mach cones from the wing leading edge-body junction and is identically zero outside this region. The inverse Laplace transform required in the particular case of pressure on the body, r = 1, is where the contour r goes from (a -i-<») to (a + i-°°), a real, a > 0 in the complex s-plane. By a well-known procedure, Eq. (12) leads to
The integral probably can be evaluated only by numerical methods, and the residues of the function (although the singularities, which are in the left-half s-plane, are simple poles) can be evaluated only after determining the location and number (which are of the order of 2") of poles. The calculation complexity is then clear, even for this particular case, r = 1, and an approximate method of solution is sought.
6. An approximate "body" solution <pw and the complete solution <p. The comparison between the "flat plate" and "modified flat plate" solutions implies that the main contribution to the pressure of the "body" solution will be found near the leading edgebody junction, i.e., for small z. With this in mind, an approximation for large s to the Green's function, G2(P; Q), given by Eq. (7e) for the region exterior to the unit circle is constructed. Consider a Green's function of the form G(r,6;r',6') = AT0[s(^2 + -2rr' cos (6 -d'))in]
where A is to be determined. It is clear, from the invariance properties of the differential equation (cf. Sec. 2), that the exact Green's function cannot be put in this form, since the second function on the right side of Eq. (13a) is the fundamental solution (with respect to P(r, 6)) placed at the inverse point of Q(r', 6') with respect to the unit circle.
But, by the addition formula (cf. Eq. 7b), This approximate Green's function satisfies the differential equation, Eq. (2a), with respect to the point P(r, 6), but it is not symmetric in (r, 0; r', 0') and does not satisfy the boundary conditions. However, comparing term by term, the difference in the Green's functions occurs only under the summation sign, wherê
in the exact Green's function (Eq. 7e) has been replaced by
in the approximate Green's function. Then for fixed r' and large s (for Re s > 0) terms given by Eq. (13f) approach the exact terms given by Eq. (13e), using the asymptotic expansions for the modified Bessel function [11] , The approximate Green's function for the region and boundary for the wing-body problem (Fig. 2) The approximate Green's function is a good representation for large s (and r' > 1); this result implies, by a known theorem in Laplace transform theory [13] , that the solution obtained by using this Green's function is a good approximation near the leading edge-body junction. The transformed approximate "body" solution is , 
As is to be expected, the integral vanishes for (r -2) = 1, 2 0. This is an elliptictype integral which can be expressed in terms of the standard complete and incomplete elliptic integrals of the first and third kinds by known methods of reduction [14] . The complete approximate solution, <p'z" <p"', is shown in Fig. 4 as heavy, solid lines. This solution also approaches the correct asymptotic value for large 2, i.e., ipJWa = 1. No estimate has been made for the error, although in the JPL report such an estimate is indicated for a simpler problem, using the same approximate Green's function for the circle (Eq. 13d). Also, additional calculations on the body have not been made; however, it is clear that the complete solution approaches the correct asymptotic value very rapidly in the downstream direction on the body and in the vicinity of the body on the wing.* *A comparison with experimental pressure distributions is made in [15] and results, obtained by integrating the pressure over finite wings (including cases with swept-back leading edges), have been used in [16] on supersonic wing-body lift. 
